Battery electric vehicles are crucial to the reduction in the dependence on fossil fuels and for moving towards a zeroemission transport system. Although battery electric vehicle technology has been rapidly improving, the limited driving range and the high cost are significant impediments to the popularity of electric vehicles. The battery is the main element which affects the range and the cost of the vehicle. The batteries can provide either high power or high energy but not both. Hybridisation of the energy source is one of the methods to improve the energy efficiency of the vehicle, which involves combining a high-energy battery with a high-power source. High-speed flywheels have attractive properties and low-cost potential which makes them excellent secondary energy storage devices to be used in hybrid and electric vehicles. They are utilised to load the battery to a level so as to protect it from peak loads and to enhance its capacity and life. The flywheel is coupled to the drive line with a continuously variable transmission. This paper presents the optimal energy management strategy for a mechanically connected flywheel-assisted battery electric vehicle powertrain. The optimisation problem is complex because of factors such as the small storage capacity of the flywheel, the kinematic constraints and the slipping of clutches. Dynamic programming is used to calculate the optimal control strategy for torque distribution during operation in real-world driving cycles. The results show significant potential for reduction in the energy consumption in extra-urban and highway cycles, while reducing the peak battery loads during all cycles. The results give a benchmark of the energy-saving potential for such a powertrain and insights into how a real suboptimal controller can be designed.
Introduction
Battery electric vehicles (BEVs) offer a promising solution to the problem of reducing the carbon dioxide emissions from automobiles. In the last few years a small number of mass-produced BEVs such as the Nissan Leaf, the Mitsubishi iMiEV and the Tesla Roadster have been introduced into the markets worldwide and many more are expected. However, their high cost and their limited range, relative to those of conventional vehicles, are still issues that impede their popularity. 1 The most important element in the BEV is the battery. Although current battery technology offers significant improvement over previously used batteries, it is still the most important problem in BEVs and strongly affects the range and cost of the BEV. The batteries offer either a high specific power or a high specific energy but not both. To provide the BEVs with the characteristics to compete with conventional vehicles it is beneficial to hybridise the energy storage. 2 A typical strategy would be to combine a high-energy battery with another high-power source. This would shield the battery from peak currents and improve its capacity and life. The challenge of keeping the battery within its preferred operating range would also be greatly reduced. Chau and Wong 3 have discussed the concept of hybridisation of the energy source in electric vehicles.
School of Engineering and Mathematical Sciences, City University London, UK Flywheels (FWs) are excellent secondary energy storage devices and several applications in road vehicles are under development. 4 High-speed FWs have the characteristics of a high specific power, a high specific energy, a long cycle life, a high energy efficiency, a quick recharge, a low cost and environmental friendliness. They do not suffer from a temperature dependence and their state of energy (SOE) is most easily determined. The FW is the only energy storage device that keeps the energy stored in the same form as the moving vehicle, i.e. mechanical energy. Dhand and Pullen 5 have discussed in great detail the concept, layouts and advantages of such hybrid energy storage (HES) consisting of a battery and a high-speed FW for a BEV. The main characteristics to define the FW as secondary storage for a BEV have been discussed by Dhand and Pullen. 6 As the FW usually gains speed when the vehicle is slowing down and loses speed when the vehicle is accelerating, a continuously variable transmission (CVT) is used to connect the FW to the driveline. The requirements of the CVT for an FW energy storage system are quite different from those in a conventional vehicle and have been discussed in detail by Dhand and Pullen. 7 The main benefits of the FW in the HES with a battery are as follows.
1. It improves the energy efficiency of the battery by taking care of the peak loads, which reduces losses in the battery and improves the range of the BEV. 2. It increases the life of the battery. 3. It allows optimisation of the battery as a pure energy source. 4. It reduces the cooling requirements of the battery at a high temperature and protects the battery and associated electronics during vehicle start-up in cold conditions when the battery resistance is high. 5. It allows the powertrain to achieve a better regenerative braking efficiency by avoiding energy conversion. 6. There is potential downsizing of the main electric machine (EM) in the case when the FW is connected via a mechanical transmission.
In this paper the design of an optimal energy management system (EMS) for a mechanical CVT connected to a flywheel-assisted battery electric vehicle (FWBEV) powertrain is presented. It will be referred to as a hybrid vehicle (HV) since it has two sources of energy. It is based on a C-segment hatchback passenger car as this is the one of most common cars used in private transport, especially in Europe. The powertrain is shown in Figure 1 . It consists of a main EM connected to the driveline via clutch B and a fixed reduction gear. Clutch B is used to disengage the driveline to enable the EM to charge the FW when the vehicle is stationary. The FW is connected to a CVT which is connected to the drive shaft via clutch A. Clutch A is used to provide the CVT with the neutral gear ability. In the paper by Dhand and Pullen 8 the baseline BEV was shown for the presented HV. Besides the FW, CVT and clutches, the one main difference is that the EM in the HV is a downsized version (by about 37%) of that in the base BEV. Also, because of these differences, the HV is slightly heavier (by about 40 kg) than the base BEV (kerb mass, 1445 kg) and also has a higher rotational inertia. In this paper, the design and sizing of components are not discussed and the emphasis is on the design of the optimal energy management strategy for such HVs. Figure 2 shows the general power flow of the drivetrain.
Energy management strategy
In general, the control strategy is one of the most important elements, which decides the energy consumption of the HV. The primary purpose of the supervisory controller is to specify the power distribution between the two sources of energy in the system in order to maximise the energy economy while achieving the driver demand. There might be additional requirements such as maintaining the state of charge (SOC) of the energy storage and the driveability of the vehicle. There are various types of control strategy which can be classified by various means. One type classifies them based on their dependence of the knowledge of future driving conditions as causal and non-causal. 9 Another classification broadly groups them into two categories: heuristic and optimal.
1. Heuristic control. These are rule-based strategies which are generally intuitive in nature. These provide instantaneous operation of the system depending upon information on the current or future states. These are easy to implement and are most commonly used in prototypes and production hybrids. 2. Optimal control. The objective of optimal control is to provide a set of control parameters which causes the system to satisfy certain constraints while minimising or maximising certain performance criteria. There are two approaches, of which one is based on the work of Bellman 10 called dynamic programming (DP) and the other is based on the work of Pontryagin 11 called Pontryagin's minimum principle.
DP is a very useful tool to find out the optimal solution to a non-linear problem with given boundary conditions. It results in a global optimum, although it is non-causal in nature and requires that the driving cycle is known in advance. It generally takes much computing power and time, which increases with increasing number of state variables and increasing length of the driving cycle. Because it does not offer an online implementable solution, it can be used, however, to set a benchmark for the performance of other suboptimal control strategies. It also provides insight into how the realistic suboptimal controller should be designed. DP has been extensively applied for the optimisation of the energy management of hybrid electric vehicles (HEVs) to achieve the maximum fuel economy over predefined driving cycles. [12] [13] [14] [15] [16] [17] [18] However, there are only few cases where DP has been applied for FW-based mechanical HVs and all these cases are exclusively for flywheel-based internal-combustion engine hybrid vehicles (FWICEHVs).
19-21 Jamzadeh and Frank 19 applied DP to find the optimal control policy for an FWICEHV over the Federal Urban Driving Cycle . In this case the internal-combustion engine (ICE) and the FW are coupled to the CVT, and the driver controls the vehicle torque by the CVT and has no control over the engine operation. The only control decision to be made is whether the ICE should be on or off. This simplifies the system control to a great extent. Van Berkel et al. 20 used DP to optimise the fuel economy for an FWICEHV. In this case the ICE and the FW are connected using clutches and the CVT is downstream. The speeds of the ICE and the FW are linked and there is no mode of operation where the FW and the ICE simultaneously motor the vehicle. Dingel et al. 21 used DP to benchmark and compare the fuel savings for an HEV and an FWICEHV. It has been recognised by Van Berkel et al. 20 and Dingel et al. 21 that, unlike the case for an HEV, there is no unequivocal approach for applying DP to an FW-based mechanical HV and the process is more complex than for an HEV owing to many factors including the relatively many kinematic constraints, the small energy capacity of the FW and the slipping clutches. In the case of a mechanically connected FWBEV, the optimisation using DP is further complicated because both the battery and the FW have state variables associated with them and there are additional options for achieving specific functions. There is no example in literature showing the application of DP to find the optimal EMS for an FWBEV.
This paper presents the optimal EMS for the mechanical-transmission-based FWBEV powertrain. The main criterion is the minimisation of the energy consumption during the predefined driving cycle, and the system constraints are defined. DP is used to calculate the optimal torque distribution over the cycle. Additional options such as vehicle pull-away using the slipping clutch and using the EM as well as the variation in the initial SOE of the FW are explored. For the implementation of DP, the model of the HV needs to be defined as a discrete step using the backward power flow approach. 22 The paper is organised as follows. The second section describes the various component models and the vehicle model. The various HV modes are explained in the third section. The fourth section defines the optimisation problem and DP implementation. The results and discussion are presented in the fifth section. Finally, the sixth section presents the conclusions.
Component models

Battery
The battery here is modelled simply as consisting of an internal resistance and an open-circuit voltage. The primary reason for choosing this model is to reduce the complexity and to save on the computation time. The equations for the battery are
where V bat is the voltage of the battery, V OC is the open-circuit voltage of the battery, r int is the internal resistance which depends on the SOC of the battery, i bat is the current of the battery, P bat is the power of the battery, C bat is the power of the battery and Dt is the simulation time step.
Electric machine
The EM is modelled by using a characteristic map specifying the efficiency as a function of the torque and the speed with the equations
where P EM is the power of the EM, T EM is the torque of the EM, v EM is the rotational speed of the EM and h EM is efficiency of the EM. The auxiliary power P aux includes the power required for the vehicle housekeeping and the pump losses of the transmission.
CVT and FW
The CVT is modelled by its efficiency and lumped input and output inertias. The idling losses of the CVT are neglected. The FW and the input inertia of the CVT are modelled as a single inertia. The following equations describe the torque acting on the FW depending on whether it is providing energy or absorbing it.
In the case when the FW is providing energy, the equations which apply are
where T FW is the net torque of the FW, T CVT is the torque of the CVT, r CVT is the speed ratio, h CVT is the efficiency of the transmission and T loss is the loss torque of the FW. In the case when the FW is absorbing energy,
with the loss torque T loss of the FW defined as the energy loss of 2%/min and given by
where J FW is the inertia of the FW and v FW is the rotational speed of the FW. Also
and the SOE is given by
where E FW is the energy capacity of the FW.
Drive shaft and vehicle
The torque T drs required at the drive shaft is the summation of T EM and T CVT according to
The drive-shaft torque is simply derived from the torque T whl at the wheel by using the various vehicle resistances, the final drive ratio r FD and the efficiency h FD .
In the case of a motoring vehicle, the equation which applies is
In the case of a braking vehicle,
with
where A veh is the acceleration of the vehicle, m is the equivalent mass of the vehicle including the rotational inertias, C d is the discharge coefficient, Ar veh is the frontal area of the vehicle, r air is the density of air, V veh is the velocity of the vehicle, g is the acceleration due to gravity, f r is the rolling resistance and r dyn is the rolling radius.
Hybrid vehicle operation
The torque at the drive shaft is calculated in advance for the predefined driving cycle. It is assumed that the FW has an initial speed. The various modes of operation are as follows.
V veh = 0
The vehicle is stationary and clutch A is not engaged. During this mode the speed of the FW is decreasing owing to the friction losses of the FW, and the CVT is at its minimum speed ratio. The only electric load is the auxiliary load.
T whl . 0 and
The vehicle is motoring and clutch A is not engaged. In this mode there are two options: either the EM motors the vehicle until the speed difference between the input side and the output side of the clutch is overcome, or the FW motors the vehicle while the clutch is slipping until the speed difference is overcome. In the former case, the FW is idling and, in the latter case, the EM is idling. The CVT ratio is maintained at its minimum value. The electric load on the battery is the sum of the auxiliary load and the EM load, in the case when it is used to motor the vehicle.
T whl . 0 and v EM 5v FW r CVT, min
The vehicle is motoring and clutch A is engaged. During this mode, the torque is split between the EM and the FW, although the option that the EM provides torque to the vehicle and charges the FW is also still available. The CVT ratio changes accordingly. Theoretically, the FW can also be used to charge the battery via the EM, but that option is not used as that would negate the primary purpose of using the FW as the secondary storage device.
T whl \ 0 and v EM 5v FW r CVT, min
The vehicle is braking and clutch A is engaged. In this case the FW is performing regenerative braking and the EM is idling. The CVT ratio varies as needed.
T whl \ 0 and
The vehicle is braking and clutch A is not engaged. In this case the mechanical brakes are used. This case, as well any other case where clutch A is not engaged, usually occurs at vehicle speeds below 10-15 km/h. This situation is similar to the case with the base BEV 8 where the EM cannot recover the brake energy below 10 km/h.
Optimisation
The target of the optimisation process is to reduce the energy consumed during a driving cycle. For this purpose the control objective is to minimise the total charge removed from the battery, which is a direct indicator of the energy consumed during the cycle. Thus the formal problem statement can be written as 'to find a control which causes the system to follow a trajectory that minimises the total charge consumed from the battery during a driving cycle', according to
The boundary condition is that the SOE of the FW at the end should be the same as that at the beginning so that there is no net energy stored in the FW, according to
The two state variables are the SOE of the FW and the SOC of the battery. The EM torque is the control variable and is used to derive the FW state. The constraints are applied on the FW speed, the CVT ratio, the EM torque and the battery current according to The FW and the CVT ratio have to be within their minimum and maximum limits. The transmission design limits were considered during its design, and so they are not applied here. The rate of change in the CVT ratio is also observed. Furthermore, DP requires gridding of the state variable and the control variable. It is important to make sure that this grid is balanced, i.e. that the action of the control variable on the state variable changes its state from one grid point to another point which is as close as possible to a grid point. This has an important effect on the computation time. A more balanced grid significantly reduces the computation time. Figure 3 shows the DP procedure to calculate the SOC t , the SOE t and i bat, t at time t when the SOC t + 1 and the SOE t + 1 are known at time t + 1during the vehicle motoring operation when clutch A is engaged. The rest of the process is as usual.
The DP is performed on three real-world driving cycles which cover urban, extra-urban and highway driving. The chosen cycles are the Artemis urban (AU) driving cycle, the LA92 driving cycle and the US06 driving cycle. These were chosen rather than the homologation cycles, which are frequently used by others, as they provide realistic driving situations. Since in the case of the FW HV the initial SOE of the FW can be controlled, DP is run at intervals of 10% SOE for the three cycles. Since the SOE is to be balanced, DP is run and the control trajectory which gives the SOE balance with the minimum charge consumption for the driving cycle selected. Figure 4 shows the results for the AU cycle. It can be clearly seen that the smallest charge consumption is achieved when the process is started with the smallest initial SOE of the FW. This is expected since the FW has to be returned to the same SOE as that at the beginning. Further the same process is repeated for the US06 cycle and the LA92 cycle, and lowest possible initial SOE is that with the least charge consumption. As expected, it is seen that the LA92 and US06 cycles require a higher initial SOE than does the AU cycle because they are relatively higher-power cycles. All further DP runs are carried out at the initial SOE decided at the previous step for the three concerned cycles.
As mentioned previously, there are two ways in which the HV pulls away. This occurs via the EM or via the FW by slipping clutch A. To test which to select, DP is run for both the options. Figure 5 shows the increase in the cycle charge consumption while going from the option of EM-based pull-away to FW-based pull-away. The pull-away via EM is more favourable since it consumes less charge. This is due to the energy lost while the clutch is slipping and the vehicle is pulling away. The power lost in the clutch can be calculated by multiplying the torque passed through the clutch and the speed difference across it. Also it can be observed that the increase in the cycle charge consumption is highest for the AU cycle and lowest for the US06 cycle, which is expected since the AU is a relatively lowpowered cycle in comparison with the US06 cycle and so the EM power required for the vehicle to pull away is lower, which in turn gives lower battery losses. Again, for all further DP runs, the decision made on the basis of the results is that the vehicle is to be pulled away by using the EM.
The calculations up to now were performed on a time step of 0.5 s so as to save computation time. The next step involves comparing the energy consumption of the HV with that of the base BEV over the three cycles. The original base vehicle model 8 was a forward simulation model with a variable time step built in AVL Cruise. 23 However, for this comparison a backward simulation model with a fixed time step is created and that is used to compute the energy consumption to compare it with that of the HV. Furthermore, a suitable time step needs to be chosen which is a compromise between the computation time and the accuracy. For this process a smaller time step of 0.1 s is chosen. Applying an average speed of 30 km/h for the driving cycles and a torque resolution of 2 N m for the EM torque, the energy handled by the CVT is around 44 J, which is roughly equivalent to 0.005% SOE of the FW if losses are neglected. For the further process, an SOE resolution of the FW of 0.005% and a torque increment of 2 N m are used.
Results and discussion
In this section the results for the base BEV and the HV are presented and analysed for the three cycles. The initial SOC of the battery for the simulations is taken to be between 85% and 90% since, above 90%, regenerative braking is not allowed in the base BEV. 8 The simulations are run in the steady state at a temperature of 25°C. These conditions also represent the best case for the BEV since, at higher or lower temperatures or at lower SOCs, the performance of the battery is expected to be poorer. Figure 6 shows the three driving cycles and the variations in the SOE of the FW. It can be seen that, owing to the end constraint in the DP, the final SOE converges to the initial value. Figure 7 shows the torque split in the three driving cycles. It can be seen that the EM torque is much reduced during a high drive-shaft demand torque and the brake torque demand is provided entirely by the FW. Furthermore, Figure 8 shows a comparison between the energy economy of the base BEV and the energy economy of the HV over the three cycles. It can be seen that the HV has a higher cycle energy economy by 11% and 3.2% compared with the base vehicle in the US06 driving cycle and the LA92 driving cycle respectively, although it has a reduced energy economy by 2% in the AU driving cycle. Table 1 First, it should be observed in Table 1 that the motoring energy required in the cycle for the HV is higher than that for the base vehicle. This is primarily due to the higher mass and higher inertia of the HV. As was shown in Figure 8 , the HV has a higher energy economy than the base vehicle in the US06 and LA92 driving cycles and has a corresponding lower value in the AU driving cycle. The primary aim of the FW in the HES is to protect the battery from high currents to improve its efficiency and life. The improvements in the efficiency occur mainly because of the lower battery losses. As can be seen from Table 1 , the battery losses are significantly reduced for the HV compared with the base vehicle, which results in impressive improvements in the battery round-trip efficiency.
Furthermore, since the EM in the HV is a downsized version of that in the base vehicle, the operating points on the EM in the HV occur in the higher-efficiency regions in comparison with those in the base vehicle. The paper by Dhand and Pullen 8 explored the effect of downsizing the EM on the energy consumption of the BEV. Because of this, a slight improvement in the EM's cycle efficiency is observed in the HV compared with that in the base vehicle. Besides the efficiency improvement, additional benefit is expected in terms of the cost because of the downsizing. The CVT efficiency in the cycle is around 90%. Another important advantage of the FW in the HV is the drastic reduction in the peak current and the peak electric power of the battery in comparison with those of the base vehicle. This reduces the stress on the battery significantly and is expected to improve the life of the battery and to lower the operating costs. The average battery power is slightly higher in the HV than in the base vehicle to take into account the losses in the FW and the CVT system.
Although there are significant benefits obtained in the HV with regard to a lower battery peak current and a lower power, the energy consumption in the AU cycle is higher than in the base vehicle. It is important to note that, although the consumption is higher by 2.06%, the absolute value (13.4 W h) is quite small. The main reason for this is that the AU cycle is a relatively lower-power cycle than are the US06 and LA92 cycles, and the lower battery losses in the HV are negated by the higher required cycle motoring energy and auxiliary losses. The higher auxiliary losses in the HV are because it includes the vehicle housekeeping electric loads and the transmission pump losses. In the other cycles, these factors have a much lower impact owing to the relatively higher power required in these cycles. A check was carried out to determine whether the energy consumption of the HV in the AU cycle improves if it was run as a pure BEV. In this simulation, clutch A was kept open and the auxiliary power was reduced to the level of the base BEV. It was found that the energy consumption of the HV actually increases by 1.08%.
Another interesting point to note is that, although there is an option that the FW is charged by the EM during the vehicle motoring, this option is almost always avoided by the optimal EMS. The percentage of the FW energy which is input by the EM is quite low. The bulk of the FW energy is gained only by regenerative braking. The highest is about 2% in the US06 driving cycle, which reflects the fact that it is highest-power cycle of the three driving cycles.
Conclusions
The BEV is an important technology to reduce the dependence on fossil fuels and, although significantly improved over the years, it still has significant challenges in terms of the cost and the range. One of the methods to improve the BEV is to hybridise the energy storage. An FW is an excellent secondary energy storage system which can be used to complement the battery in HES. This reduces the stress on the battery and improves its efficiency and life. This paper presents the optimal energy management strategy for a mechanical CVT-connected FWBEV powertrain. DP was used to find the optimal EMS, which is the first instance of its implementation for an FWBEV application in three real-world driving cycles, and the results were compared with those for the base BEV. Detailed analysis of the energy-saving contribution and the efficiency for all the components was conducted. The simulations show a significant potential for reduction in the energy consumption in extra-urban and highway driving cycles, while reducing the peak battery loads during all cycles.
